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ABSTRACT

Three restricted soecificotions of a sfochostic technology that
enclle economies of scooe to ke Kentfied are defined in the
stucly. For each specificotion, the results of this study exactly
paralel those obtained by Ponzar and Wilg {19813 for defining
econpmies  of scope using o non-stochastic fechnology.
Sub—oddithvity of e individuol ex onte cost function of each
oufpout is o sufficient condition for muli-outout fimns opercting
in o stochastic production environment,

| . Introduction

Under certainty, the hasic and intuitively appealing property of
multi-product firms 12 "economies of scope” (rather than of scale)
(see Panzar and Williz 198131 Whenever the cost of prowding

1* Fellow, Forea Fuwal Economic Institute, Seoul, Korea.
Ilary econmmists use the termindlogy of economies of scale” and economies
of scope” interchangesbly. However, they are not same thing even though
the most conveniert meamues of these phenomena colncide at cost
minithizing points. In general, the elasticity of scale(= £ measures how
outpaat responds as one moves out along a scale line from the origine in
irgmat space and if &> 1, the production function exhibits increadng rehans



2 Jowrnal of Rwral Developewant 23 [Summer 2002)

the services of the sharsble input to two or more product lines
are  sub-additive, the multi-product cost function  exbubits
econommies of scope An  input joint  technology  underpins
economies of scope, which exists if the sum of the costs from
producing  multi-outputs  individually  exceeds  the cost of
producing the same output jointly. The existence of shared inputs
across outputs or fized costs are common sources of economies
of scope (Panzar 1982, Gomman 1985), while the absence of
econotmies of scope in production 15 associated wiath a cost
function that 1z strongly separable with respect to output

To date, economies of scope has not been precisely
defined under production uncertainty. Seminal study on stochastic
technologies instead initially focused on separating preferences
from the technology for the single output case using an ex ante
cost function. For example, Pope and Chavas (19947 showed that
modeling all moments of the distribution of output would
separate  preferences from technology while Chambers and
Quiggin (1998) showed that modeling all states of nature achiewve
the same result

In order to define economies of scope for stochastc
technologies, it 15 necessary to first extend the definition of the
single-output  stochastic  technology  to joint  and  non-joint
stochastic  technologies. Given properties of a multi-output
stochastic technology, thiz stady then demmonstrates that the single
output approach for separating preferences from the technology is
not sufficient for the identification of properties of a multi-output
technology using an ex ante cost function. In particular, if the
effect of the stochastic factor in the production environment is

to scale In this case, thete is on incerdive to certralize roduction operations
and one might say, so0 to speak, tha the endrepreneur faces economies of
scale. The elasticity of scope (o size)= ) measures the cost response
associsted with movements along the locus of cost-minimizing points in
irgndt space, that is the expansion path. If 5<1, there are apparently
cost advantages to be reaped from centralizing production, and thas the
firm exhitit economies of scope. By necesaity, therefore, the two
measures are gereraly based on different irgat combinations.
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correlated across outputs (e.g., the effect of weather 1n multiple
crops), because of stochastic dependence results, it may not be
possihle to identify input non-jointness in an ex  ante cost
function and, thus, the definition of economies of scope 15 not
generally identified 1n a stochastic production condition.

CGiven the identification problem, the stody  explores
restrictions on stochastic technologies that allow for both common
random effects and identification of economies of scope. For
example, structure from multiplicative risk and a restricted form
of tnulti-output Just-Pope production function are vtilized to
identify economies of scope in an ex ante cost function. More
generally, 1f input uzage depends on hoth ohserved output and the
own moments of the joint distribution of output, then economies
of scope can be identified Howewver, if input usage iz not
sufficiently reprezented by thiz information (e e, covarances are
alzo needed) then identification in an ex ante cost function fals

Il . General Detinitions ot Joint and Non—joint Stochas
Technologies

In a deterministic production enwironment, a  mult-output
technology 15 often defined by (see Chambers 1988

(la) Vi ={x|T{wx)=0}

where V(4 15 the set of inputs that fulfills the feasibility
criterion defined by the transformation fanction, 70,0 In particular,

if x=V»), then the output wector w= (v, ..., v = QT can he
produced by the input vector, x= (xn,.... % .. Xod, o .0 Koo
where ¥ denotes a total input vector and x5 denotes the kth

input used in the production of the i-th output
A technology 1z said to be input non-oint if total input

usage across outputs is additive, Le, x,= i‘ xg forall £=1,2,. . =
-]

inputs. That 15, (la) can be re-expressed as
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() W) = 2 Viw)

where Viu) = {x;| Ty, 2,) =0} and x;=(x,,..., X el

Following Chambers and Quiggin (1998), the mult-output
stochastic technology corollary to (1) can be represented for each

realization of the state of nature 5 as

(da)  Wlw)={x|Ty(»,2) =0}

and

(20) V) = 2 Vvi)
where  Viwd=1{x;: Ty, x;0=0} where 5=1{1,2...., ¥} are
states of nature, w,=(w1,, ..., % a 15 the wector of output

produced 1n state § and other wanables are defined as abowve
Hence, as in the cettainty case, the technology 1n (2b) 1z input
non-joint if total deterministic input usage across outputs 1z

additive for all states of nature, 1e, x;= 211:;3 for all
=

k=1,2,...,n inputs
Each state of nature 1n (2) has an associated probahility
function conditional on the deterministic input usage, Pw |x),

that satisfies the properties of a probability space, 1e,

() Pulx)=0 md X Plulx) = 1
The corresponding margina probability of w15 captured in the
probahbility space

4 RGal® 20 @i ZPbaln = 1
Consistent with (2h), the marginal probahility of », in a
stochastic input non-joint technology is

(5 Bilwalx)=Pilyislxd.
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Thiz condition implies that inputs allocated to output j, where
i i, do not affect the distnbution function of output £
Conserving the property of stochastic dependence in the
defiition of input non-jointness is relevant 1 agricultural
applications and other resource hased industries. For example,
stochastic factors such as rainfall are not allocahle across outputs
but, importantly, may affect both the input joint and input
non-joint technology in a similar manner. Alternatively stated, the
effect of the stochastic factor is correlated across outputs for hoth
joint and non-joint technologes. Mathematically, 1f », = » (%)

and wj; = w(x;) and § 1z a state of nature that affects both
wyand y.., then the covaraince between » and »;. ., is not
zero, 1.6, Covly g, v, #0 , regardless of whether (5) holds

Indeed, the definition of an input nonqoint technology in (2h)
and (5 18 sufficiently ceneral to allow for common random
effects, 1.0, Ply,|x) #+ I Pilyalxs).

. Ex ante Cost functions of Joint and Non—joint
Stochastic Technologies

To demonstrate the implications of stochastic dependence,
consider a direct extension of the Pope and Chawvas' approach to
separating preferences from the technology, which would define
firm's behaviors as

(6)  Max le[ W+ 213:'5'.?51&'_ glwm]P[mlxm]
subject to w=Fix), for =1, ..., »,

where Wiz imitial wealth; swj 15 the price of input & p; 15 the
price of output £ 7 1z a Von Neumann-Morgenstern utility

function; and F(x) 15 the vector of conditional expectations for
each of the moments encompassed in ».2 To illustrate the source

T As in the cettainty case, the weondiional ingut demands acn be
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of falure of identification of the property of non-jointhess ih an ex
ante cost function, it suffices to consider a special case of (6),
1.e,

() sax ZU[ W+ Bowi- Bwm]Plle

subject to E(y.) = filx;, %), i=1,2
Var(pg= h;(x), %3],
Conr (v, ) = iy, %),

where »=[ E(x,), B, Var(n), Var(v,), Con(ay, ad], 15 treated as

given; ¥ ka;(xl,xz}=[ glyw,'analxl,xz} —Filx1, 220 Fi( %1, %2)

and  filx, %0 = gl.ﬁ# IS GNE N 7Y

The representation of (7a) under an input non-joint
stochastic technology is

(Th)  Max glU[ W+ Z}lﬁwg— Elwéxé]P[hli’C,?ﬂ]
subject to E(w) =f(x), i=1,2
Var(wi= hylx;),
Conan,vg) = kg2, 250,

where the restiction that separates preferences fom  the
technology in an ex ante cost function iz

(2 Bl 2, w3 = Fw, | 0)
where p=[E(»), Ela), Var(a), Var(y), Cov(a, vo]. 15 fized 1n

determined from (8) by first maximizing overx={x, ..., x 0 conditional
ofy the moments on he distibotion of output, 5, and then mavimizing
with respect to &

’ Analogousy to the certainty case, 5 iz given in the optimization.
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the optimization. To show this separation, note that the first order
conditions of the ophimization problem in (b)) miven (8) are;
(i) g2l x4) dhigal

i)
A + Az A% + 43 At for all &

S8y gwi— (2
(9b)  Elw) = filx), 1=1,2
(_':JI::I V{Z}"(j}i;} = }Eu(x;',

(Sd) Conlar, vg) = by, %50,
where d = ﬁMP[ |5] for W, =i W+ -
= 27w, ¥ola b= ( Z]ﬂﬂ’fs gl?ﬂ'ﬂ-})-

Yet, the first order conditions 1n (%9a) are alternatively represented
hy normalizing the Lagrange multiplier and input prices as;

[ iy (X)) | Ay dhgplx) | Ay dhpix)
+

(10 W 0%z A1 8%z A1 0% 2

) dhnlx) Az dka(x) Az dkplx)

E'Xﬂ .'h dx il .':11 E-'xﬂ

Assuming that the conditional moments for all given input
allocatinns are strictly conwesx sets in (100, 1t follows that explicit
solutions for the optmal condittonal input demands exst and
equal to

x = xg[w, Elw), Var(v), Bl v, Var(a),Covl v, ve) ]

and

Xp= le #[ e, E(v1), Var{m), Elve), Var(y), Cov( v, v ]

The associated ex ante cost function is

C [, E(oy), Var(v), E(vg), Var(m), Cou(a, v ]

The information in preference, &, 15 therefore filtered out
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by conditioning the optimization problem of mamimizing utility 1f
{71 holds4 Different from the certainty case, however, equations
that solwve x5 for all & in the first order condittons in (10)

cannot he solved independently for each { becasse of Con(w, vy)

in (9d). Identificaton of input non-jointhess in an ex ante cost
function may thus fail ewven if preferences are separated from
technology. This may occur in the presence of stochastic factors
such as rain or frost

More generally, any ex ante cost function defined in terms
of the covarsince matrix of the joint distnbution of output (and
any moments) does not normally contain structure that identifies
an input non-joint stochastic technology. In addition, falure of
identification using the Chambers and Quigein’s approach under a
general stochastic technolozy can be easily derived.

IV. |ldentification of Economies ol Scope usin
Separability restrictions on Risk

A special case of (8) maps the probability of observed output v

directly from the expected walue of output and the state of nature
associated wath the observed output That is

(11} Plue|x E(w)]= Pla| E(3)]
The structure 1n (11) only holds if » = E(a)+ 2= filx) + £ where

Eled= Ele|lx)=0. Therefore, (11} represents multiplicative nsk
{see Pope and Chavas 1994} Given (113, solve

Max SZ.‘IU[ W+ 21“”3’“_ glwm]P[mlx,E(y}]

subject to E(w) = f;(x,) for all 4

Y Ta sepatate preferences from technology, the watiatice-covariance imateiy
of the joint distribation of outpot needs to be induded in oan ex ante
cost function if given the mean of the joint distribotion of output, ingput
affect the watiance-covariance matrix of the distribulion
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where Pla|x, E(x) ] = Pla,| E(3 ], then reduces to

y [ i) ] / [ 5:‘5@?] for all 7 and k=1 and B{w,) = filx)

Hh &

for all :

Multiplicative nisk not only separates preferences from the
technology  hut  also provides a  structure in which  input
non-ointness can be tdentified from the ex ante cost function. In
particular, provided that E(s)=fix,) 15 defined on a stnctly
convex set for all 2 the conditional input demands may be uniquely
solwed from the first order conditions as x z=x glw, E(v)] for

al i and & and thus, »x;= le sl EC]. The associated ex
ante cost function is
(12) élwéxé = él glw.ex il w, B = glca:[ﬂ*, Eiw;)]

where ' 15 the ex ante cost function of output i If the

technology 1n (12) 15 non-oint, [ E(W] = Zlci[w’ Elx]
and if the technology 13 joint,

(11 ClwBls 2 Cilw, Bl
Proposition 1. Civen (i1} o sufficiesnt comdition jor identifing

economies of rcope for mudb-output plamts is the sub-additivity
condition of (13).

Proof. Under a monotonic utility function, 1f Cw, B4 < :E:l(_’f.-[w..ﬁflijt-}]
then, O[W+ & pova- Cluo 861 = U[ W+ Bpoe- BC006.553)).

Because a probability function is always non-negative 1t also
follows that
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U W+ 20 a— Clw BOD)| Pl B3]

2 [ W+ Zowe— 2 Clw, (o)) |Plyylx, EGI)

and, thus,
2,0 W+ L a— Clw B [PLr| v, ]

= §]U[ Wt 2 g — g-::tw.ﬂyi}}]mmx. E(3)]. (QED)

Proposition 1 states that (13) 12 a sufficient condition for
the existence of multi-output plants. Paralleling the definition
obtained by Panzar and Willig (1981) for economies of scope
under certainty, economies of scope for the stochastic technology
with no risk reducing (increasing) inputs requires sub-additivity of
the ex ante cost functions associated with each output

Mow consider weaker separability restrictions on how nsk
affects the technology but still enable economies of scope to be
identified from the ex ante cost function in the presence of
comimon random effects. In particular, following Just and Pope
[1978], this case allows for the existence of inputs that are risk
reducing (increasing). To denve input demands conditional on the
mean and variance of output, consider the non-joint case,

(14) Max 2 0[W+ 2o s 22w |Plo, 2 B0, diag2]
subject to E(a)=f;(x) and Var(y, ) =h;(x,), for all ;

where digoe2 135 the diagonal components of the variance-covaraince

matriz, £, of the distribution of output, and V() denotes the

variance of output & conditional on input usage allocated to 2

Following the analysis of the previous section, i1f the
density  function of the ohjective function 1n {14) 1z not a
function of input usage,

(15} Plw,|x, E(), diagtd ] = Ply,| E(y), dingtd ],
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i.e, the producer cannot affect the lewel of risk associated with a
oiven level of expected output and its vanance, then optimal
choices from (147 are

X=X glw, El»), Var(y)]

and, thus, under input non-jointness

xp= Z}IX al e, EQad, Var( ]
and the associated with ex ante cost function can be defined as,
(16) Ewwn= 2 X wwalw, B 0ar(sd] = X, Cilw, B ar(yd].
Given (15), if the stochastic technology 1z input non-joint, then
Clow, B ), dhagid ] = gl Cyl e, B mar (0],

and if the stochastic technology i3 joint, then

(1) Clw,B»), dizgd] = 2 Cilw, E(v,var(»)]

Proposition 2. Given (15) a sufficient comdifion jor mudii-outpd
plants iz the sub-additivily condifion in (17).

Proof Fromn the proof of Proposition 1,
if Clw,E),dieg@] = 2 Cilw, E(yi).var(y:)] , then

2 U+ 2o e Clw, B),de) |PLos |, B, dog ]

2 3 U[W+ Ziva— 2 Clon Blo,var (3, 1|PLys . B, iz,
L] -] -]

Once  again, like the defimtion by Panzar and Willig for

econotmies of scope under certainty, proposiion 2 says that

econotmies of scope requires sub-additivity of the ex ante cost

functions associated with each output In contrast to (11},
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however, (15) implies that input allocations to output ;1 for a
oiven level of expected output 15 ahle to affect the wanance or
riskiness of output j for j==i

Mote that restrictions similar to {11} and (15) but defined
using other or additional higher moments of each output are alzo
consistent with the sub-additiwity condition of the ex ante cost
function. That 15, if

(18)  Pluclx, By, .. Euf), . B, . E(vE ]
= Plwd ECv), . B, B, . B ]

where E(y,-'r‘} is the K-order moment of output j, then there are
economies of scope if

(19 Clan...m ECw), . B0, L E(u, . Ev ]
= 2 Clwn, ., B, B )]

Consegquently, (197 zays the most general stnicture that identifies
economies of scope. The insbility to identify econotnies of scope
occurs if the separability restriction in (18) fals. This means that
if an ex ante cost function requires inclusion of croszs moments of
the distnbution of output, then it is not generally possible to
identify economies of scope.

V. Conclusions

While Chambers and OQuiggin's assertion that “dudlity  theory
applies exactly for stochastic technologies under the same
assumphtions required for it to apply to non-stochastic technologies”
15 true this study reveals an important distinction  between
stochastic and non-stochastic technologies. While a well-behaved
cost function may be defined for a stochastic technology with
common random  effects, this study demonstrates that it 15 not
cenerally possible to test for economies of scope using ex awmts
cost function. Instead, separability restrictions must be umposed
on the stochastic technology for economies of scope to he
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identified.

Three restricted specificatons of a stochastic technology
that enahle economies of scope to be identified are defined in
thiz work. For each specification, the results obtaned from this
study exactly parallel those of Panzar and Willig for defining
econotmies of scope using a non-stochastic technology, Sub-additi vty
of the individual ex ame cost function of each output iz a
sufficient conditton for mult-output  frms  operating 1 a
stochastic production enwironment

Importantly, both the separability restrictions imposed for
identification purposes of economies of scope and economies of
scope itself are derived as testable hypotheses in this study. This
suggests that future applications involving multi-output stochastic
technologies will not be a direct extension of the determimstic
case. Instead, this study reweals an ewidence that the test for
economies of scope 15 propetly identified so that empirical tests
of joint production can be propetly executed. If the separability
restrictions are rejected, it may not bhe possihle to test for the
economies of scope Given the importance attached to identifring
joint production, this may limit the usefulness of dual cost
function analyses in  agriculture and other resource  hased
industries subject to stochastic production.
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